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Tetrahedral symmetry in nematic liquid crystals has been studied for several years,
since the seminal paper by Fel [1]. Amongst statistical theories of nematic liquid crys-
tals, a molecular mean-field model has proven to be quite effective in predicting phase
sequences for thermotropic biaxial nematic molecules endowed with D2h symmetry, as
a function of the parameters entering their interaction potential [2,3]. This model has
highlighted the role of a partially repulsive quadrupolar potential of mean torque in
promoting condensed phases. It has been shown that the quadrupolar approximation
to the excluded-volume interaction between hard spherocuboids can be written
precisely as the superposition of two London interactions: one repulsive and one
attractive [4]; furthermore, polar steric interactions have been shown to be capable
of inducing orientationally ordered states possibly unexpected [5]. By adapting a
numerical code available to the scientific community, we evaluate the analytical
excluded volume function for non-convex tetrahedral molecules, modelled as chains
of tangent hard spheres. Since this function is overly complicated, we expand it over
a suitable set of Symmetry Adapted Wigner Functions (SAWFs).

Keywords Excluded volume; nematic liquid crystal; symmetry adapted;
tetrahedral symmetry; Wigner rotation functions

1. Introduction

Tetrahedral symmetry in nematogenic molecules was studied in a series of pioneering
papers by Fel [1,6] who drew attention on the fact that their treatment requires, at
the lowest order of approximation, a third-rank order tensor rather than a second-
rank order tensor, as in ordinary nematics. Fel developed a Maier-Saupe theory for
such molecules and he discussed the peculiarities of Fréedericksz transition in
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compounds formed by achiral molecules. More recently, the coupling between
biaxial and tetrahedral order has been advocated as a possible explanation for the
uncommon behaviour of achiral banana liquid crystals that exhibit coexistence of
left- and right-handed domains and a field-induced anisotropy of large magnitude
[7,8]. Besides Fel’s analysis of tetrahedral order, a general theory of banana
liquid-crystals that resorts to a vector order parameter together with both a second-
and a third-rank tensor order parameter was proposed in [9]. Computer simulations
based on a lattice model consistent with tetrahedral symmetry have been recently
performed too [10]. Here, we try to understand steric interactions between molecules
with tetrahedral symmetry by determining the main qualitative features of the
excluded volume for a pair of equal molecules. Since Onsager’s well known paper
[11], there has been a long quest for explicit expressions of the excluded volume
for nematogenic molecules and, as a result, analytic formulae are known mostly for
convex molecules with D1h symmetry—ellipsoids of revolution, spherocylinders—
D2h symmetry—biaxial ellipsoids, speheroplateles [12], spherocuboids [13]—and a
few other cases embraced by the family of sphero-zonotopes [13]. For non-convex
molecules, the excluded area has been computed explicitly for two-dimensional
V-shaped molecules whose shape is obtained through a kinematic construction [14].

In a genuine three-dimensional environment, Teixeira et al. [15] considered a
V-shaped molecule whose arms are formed by equal parallelepipeds and they com-
puted the excluded volume for a pair of molecules at particular values of the relative
orientation. They employed these values to interpolate the excluded volume, by
expanding it on a set of Wigner rotation functions adapted to the symmetry of
the arms. In this way, however, the absolute minimum of the excluded volume,
which is attained when the molecules are antiparallel, was missed. The main quanti-
tative features of the excluded volume for V-shaped molecules have been captured in
[5]. In this paper, the excluded volume has been computed analytically by resorting
to a model in which the molecules are conceived as aggregates of mutually tangent
spheres. Here, we follow a similar avenue to compute the excluded volume for a pair
of tetrahedral molecules, each formed by four arms which, in turn, are formed by a
certain number of tangent spheres. We adapt the analytic procedure proposed in [16]
that relies on stereographic projection. In principle, for many purposes such as simu-
lations and assessment of the minimum value of the excluded volume, we need to
know the excluded volume for any relative orientation; however, its analytic
expression is too intricate, therefore we resort to an expansion on a set of symmetry-
adapted Wigner rotation functions (SAWFs), whose expression is obtained by apply-
ing the format proposed, for instance, in [17–19]. To build such an expansion we
need to evaluate the excluded volume for some selected configurations. We then con-
clude that the essential properties of the excluded volume V are captured by four
coefficients of the expansion. In particular, it turns out that V fails to attain its absol-
ute minimum when the molecules are parallel to one another, indicating that steric
interaction could promote unexpected molecular packings.

2. Analytic Computation of the Excluded Volume

We compute the excluded volume for a pair of equal molecules endowed with tetra-
hedral symmetry Td built by spherical units of radius r: for basic elements of group
theory and for the notations and conventions adopted here, we refer the reader to
Chapt. 3 of McWeeny’s book [20]. The simplest arrangement is shown in Figure 1
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where a central sphere is placed at the origin of a set of Cartesian, orthogonal
coordinates (x,y,z) and other four spheres are placed at four vertices of a cube

with sides of length ‘ ¼ 4rffiffi
3

p . To fix the ideas, the occupied vertices have coordinates
‘
2 ;

‘
2 ;

‘
2

� �
, � ‘

2 ;� ‘
2 ;

‘
2

� �
, � ‘

2 ;
‘
2 ;� ‘

2

� �
, and ‘

2 ;� ‘
2 ;� ‘

2

� �
. Larger molecules with the same

symmetry can be obtained by adding spheres along the diagonals of the cube
directed as the unit vectors

e01 :¼
1ffiffiffi
3

p ðex þ ey þ ezÞ; e02 :¼
1ffiffiffi
3

p ð�ex � ey þ ezÞ;

e03 :¼
1ffiffiffi
3

p ð�ex þ ey � ezÞ; e04 :¼
1ffiffiffi
3

p ðex � ey � ezÞ:
ð1Þ

In [17], a procedure was proposed to compute analytically the volume and the sur-
face area of aggregates consisting of spheres that could be either tangent or mutually
intersecting. While we refer the reader to [16] for details, we outline here the basic
steps of the method. Let us suppose that an aggregate A is formed by n intersecting
spheres Si (i¼ 1, . . . , n). By the divergence theorem, the volume of A can be reduced
to n surface integrals on @Ai, the part of @Si that lies outside all its neighbours. Tak-
ing a point on @Ai as the North Pole, the sphere Si is projected stereographically
onto its tangent plane P at the South Pole. Hence, the circles along which Si is
cut by other spheres of the family are mapped into circles of P and the surface inte-
grals on @Ai become integrals on a planar domain bounded by circles. Application of
the Gauss-Green formula reduces these latter integrals into line integrals along cir-
cular arcs that can be computed analytically. The crucial point is the determination

Figure 1. The reference molecule M0 endowed with tetrahedral symmetry. It consists of five
equal hard spheres. Precisely, there is a central sphere centred at the origin (0, 0, 0) and four
peripheral spheres placed at ‘

2 ;
‘
2 ;

‘
2

� �
, � ‘

2 ;� ‘
2 ;

‘
2

� �
, � ‘

2 ;
‘
2 ;� ‘

2

� �
, and ‘

2 ;� ‘
2 ;� ‘

2

� �
. The molecule

is placed so that the generators of the basic tetrahedral group are Cz
2, a p -rotation about the

ez-axis, and Cxyz
3 , a rotation by 2p=3 about the unit vector 3�1=2(exþ eyþ ez). For any

configuration, the positions of the two molecules M and M0 are obtained upon rotating
M0 of an angle w=2 about the direction n, defined by the angles W and u.
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of the integration domain which depends ultimately on the original intersections of
Si with its neighbours.

This method is suited for our scopes since the excluded region of two molecules
formed by spherical units is still the union of spheres that generally intersect them-
selves even if the spheres forming the molecules are tangent. To prove this, let us
select a reference point O bound to molecule M and a point O0 bound to M0. For
a given fixed relative orientation, the boundary of the excluded region is obtained
by tracking the position of O0 with respect to O when M0 glides along the contour
of M. Now, when M and M0 are in contact, there is at least a sphere of M that
touches a sphere ofM0, while all the other spheres ofM andM0 do not intersect them-
selves. Let us suppose that M consists of n spheres Si centred at Ci� (xi, yi, zi), with
radius ri whereas M0 consists of m spheres S0

j centred at C0
j � ðx0j; y0j; z0jÞ and with

radius r0j. When Si and S0
j are in contact, the reference point O0 of M0 obeys

O0 �O ¼ ðO0 � C0
jÞ þ ðC0

j � CiÞ þ ðCi �OÞ

that can clearly be recast as

O0 �O ¼ ðxi � x0jÞex þ ðyi � y0jÞey þ ðzi � z0jÞez þ ðri þ r0jÞer ð2Þ

where er is the unit vector joining the centres of the tangent spheres Si and S0
j. By intro-

ducing the point Kij such that

Kij �O :¼ ðxi � x0jÞex þ ðyi � y0jÞey þ ðzi � z0jÞez

and setting rij ¼ ri þ r0j, we can write (2) as

O0 � Kij ¼ rijer

which states that, when the molecules are in contact with the spheres (Ci, ri) and
ðC0

j ; r
0
jÞ mutually tangent, then the reference point O0 of M0 will move on the surface

of a sphere with radius rij centred at the point Kij. When M0 explores all possible
configurations that keep it in contact with M at a fixed relative orientation, O0 will
move on a certain set of these spheres (Kij, rij). Moreover, points that lie on the
boundary of the spheres (Kij, rij) either belong to the boundary of the excluded region
of M and M0, or lie in the interior of this region. Thus, by intersecting all possible
spheres (Kij, rij) we obtain the whole excluded region, which generally consists of
n�m spheres, a number that can decrease for particular values of the relative orien-
tations at which some of the spheres coalesce together. Here we will consider the
case n¼m and ri ¼ r0j ¼ r, so that the excluded region consists of spheres with radius
R¼ 2r, to which all lengths of the problem are scaled. To exploit the symmetry of the
problem, we introduce a reference molecule M0 placed as shown in Figure 1. Let us
suppose that the rotation Q(n, w) by an angle w about a unit vector n maps M into
M0, and let W, / be the polar angles of n, defined according to Figure 1. It is clear
that we can always obtain M0 from M0 by a rotation Q(n, w=2) and M from M0

by a rotationQ(n, �w=2). By this device, the excluded region has the same symmetry
as the referential molecule M0. If we suppose that, besides the sphere centred at the
origin, M0 possesses N spheres along each arm, the centres C01

k of the k-th sphere
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placed along e01 are given by

C01
k �O ¼ 2kre01 ¼: 2krfðex; ey; ezÞ

or, in dimensionless units,

C01
k �O ¼ kfðex; ey; ezÞ:

Hence, by looking at (1), we conclude that

C02
k �O ¼ kfð�ex;�ey; ezÞ; ð3aÞ

C03
k �O ¼ kfð�ex; ey;�ezÞ; ð3bÞ

C04
k �O ¼ kfðex;�ey;�ezÞ: ð3cÞ

The positions of the centres C1
k of the spheres pertaining to the molecule M are then

given by

C1
k �O ¼ kQ n;

w
2

� �
e01 ¼ kfTðex; ey; ez; n;wÞ

where it is expedient to adopt an intrinsic representation of the rotation Q n; w2

� �
as

Q n;
w
2

� �
¼ Iþ sin

w
2
WðnÞ � 1� cos

w
2

� �
PðnÞ; ð4Þ

where I is the identity tensor, W(n) is the skew-symmetric tensor associated with n,
whose action on an arbitrary vector v is given by W(n)v¼ n� v, and P(n) :¼ I� n� n
is the projector onto the plane orthogonal to n. Finally, the spheres of M along the
remaining arms are centred at

C2
k �O ¼ kfTð�ex;�ey; ez; n;wÞ ð5aÞ

C3
k �O ¼ kfTð�ex; ey;�ez; n;wÞ ð5bÞ

C4
k �O ¼ kfTðex;�ey;�ez; n;wÞ: ð5cÞ

Similarly, we conclude that the centres of the spheres that form the arms of M0 are
placed at

C10
k �O ¼ kfT ðex; ey; ez; n;�wÞ ð6aÞ

C20
k �O ¼ kfT ð�ex;�ey; ez; n;�wÞ ð6bÞ

C30
k �O ¼ kfT ð�ex; ey;�ez; n;�wÞ ð6cÞ

C40
k �O ¼ kfT ðex;�ey;�ez; n;�wÞ: ð6dÞ

Unlike the case of its original formulation, where the analytical method introduced
in [17] is applied to the computation of the volume of molecules, i.e., of aggregates of

16 F. Bisi et al.
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spheres with a certain known configuration, in our case in principle the excluded
region has to be computed for any relative orientation of the molecules M and
M0. Then it is not surprising that, though obtained analytically, the excluded volume
has an intricate expression to find which we should track the intersections of the
circles obtained through stereographic projection as a function of the relative
orientation: a prohibitive, if useful at all, task.

Hence, we followed a different strategy that amounts at expanding the excluded
volume on a basis of symmetry-adapted Wigner rotation functions (SAWFs), and
that can be summarised as follows:

1. We determine the set of SAWFs consistent with tetrahedral symmetry. This task is
easier to perform if the group of rotations is parameterised in term of Euler angles.

2. The coefficients a‘mn of the expansion of the excluded volume V on the set of
SAWFs require the numerical evaluation of integrals involving the product of V
with Wigner functions. We implement a Gauss-Legendre quadrature to compute
these integrals; to do this we need to know V on a three-dimensional grid
characterised by Euler angles (ai, bj, ck).

3. This in turn requires conversion from the intrinsic representation (4) of Q to that
in terms of Euler angles.

4. Once the set (Wi, /j, wk) corresponding to (ai, bj, ck) is obtained, we compute the
excluded volume f(ai, bj, ck) by using the analytic procedure described above,
together with the computer program ARVO associated with [16].

5. Thus, we can approximate the excluded volume V(a, b, c) by computing a set of
coefficients a‘mn up to a certain value of ‘.

2.1. Symmetry-Adapted Wigner Functions

The choice of the axes in Figure 1 ensures us that the excluded volume V, defined on
the rotation group SO(3), is symmetric under the basic tetrahedral group T with gen-
erators fCz

2;C
xyz
3 g, where Cz

2 is a p-rotation about the ez-axis and C
xyz
3 is a rotation

by 2p=3 about the axis n :¼ 1ffiffi
3

p ðex þ ey þ ezÞ. Wigner D-functions form a basic set of
functions on SO(3). They are defined according to

D‘
mnða; b; cÞ :¼ e�iðmaþncÞd‘

mnðbÞ ð7Þ

where i is the imaginary unit,

d‘
mnðbÞ :¼

XtM
t¼tm

ð�1Þt ½ð‘þmÞ!ð‘�mÞ!ð‘þ nÞ!ð‘� nÞ!�1=2

ð‘þm� tÞ!ð‘� n� tÞ!t!ðtþ n�mÞ!

� cos
b
2

� �2‘þm�n�2t

sin
b
2

� �2tþn�m

ð8Þ

is a reduced Wigner function, and {a, b, c} are the Euler angles parameterizing the
relative rotation between the two molecules, defined according to the y-convention
(see, e.g., pp. 50–52 of [21]). In (8), the summation is restricted to the integers t that
make the factorials well defined, namely

tm � t � tM ; tm :¼ maxf0;m� ng; tM :¼ minf‘þm; ‘� ng:

Excluded-Volume Potential for Tetrahedral Molecules 17
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As a consequence of the Peter-Weyl theorem, Wigner D-functions form an ortho-
gonal basis of L2(SO(3)), the space of square-integrable functions defined on
SO(3), that is,

hD‘1
m1n1

;D‘2
m2n2

i ¼ 8p2

2‘1 þ 1
d‘1‘2dm1m2

dn1n2 ; ð9Þ

where the scalar product hf, gi between two functions in L2(SO(3)) is defined as

hf ; gi :¼
Z
SOð3Þ

f ðXÞg�ðXÞdX

¼
Z 2p

0

da
Z p

0

db sin b
Z 2p

0

dcf ða; b; cÞg�ða; b; cÞ; ð10Þ

where X is the invariant measure on SO(3), parameterised by Euler angles and *
denotes complex conjugation. Hence, any function f2L2(SO(3)) can be expanded as

f ða; b; cÞ ¼
X1
‘¼0

X‘
m¼�‘

X‘
n¼�‘

a‘mnD
‘
mnða; b; cÞ; ð11Þ

for a uniquely defined set of complex-valued coefficients a�‘mn. It is not restrictive to
assume that the excluded volume V(a, b, c)2L2(SO(3)) and then extend it as
explained. Since

ðD‘
mnÞ

� ¼ ð�1Þm�nD‘
mn ð12Þ

where, for notational simplicity, we set �mm ¼ �m [22], we conclude that the coeffi-
cients a‘mn associated with a real-valued function like V obey the reality condition

a�‘�mm�nn ¼ ð�1Þm�na‘mn ð13Þ

in particular, the coefficients a‘00 are real. Moreover, the excluded volume is sym-
metric against molecular exchange. This requirement amounts at saying that using
a rotation or its inverse to go from a molecule to the other is irrelevant, and so
V(a, b, c)¼V(�c, �b, �a). Now, since it can be proved that (see Eq. (4.21), p. 54
of [21])

D‘
mn

�ða; b; cÞ ¼ D‘
nmð�c;�b;�aÞ

it is not difficult to check that swapping indices m and n yields the complex conjugate
of the corresponding coefficients. In other words

a�‘mn ¼ a‘nm: ð14Þ

This expansion can be extended to improper rotations in O(3)nSO(3) by replacing
a‘mn with independent coefficients (�1) ‘ b‘mn. As remarked before, when two equal
molecules have a certain symmetry, only SAWFs enter the expansion of V. These

18 F. Bisi et al.
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SAWFs are closely related to symmetry-adapted spherical harmonics that have been
obtained by resort to group-representation theory: [23,24]. In particular, the authors
of [24] use Gaussian integration to obtain the coefficients that determine the linear
combinations of symmetry-adapted spherical harmonics.

The relation between SAWFs and symmetry-adapted spherical harmonics is not
surprising since (see p. 60 of [21])

D‘
m0ða; b; 0Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4p

2‘þ 1

r
Y �

‘mðb; aÞ

where Y‘m is a spherical harmonic function.
To obtain the expression of SAWFs for the tetrahedral group Td, we apply the

method employed in [17] for D2h molecules and in [19] for LOh molecules. Compared
with other methods employed for spherical harmonics, it requires a minimum knowl-
edge of group-representation theory. A precise statement of symmetry for a function
f is the following. Given a real-valued function f defined on the orthogonal group
O(3) and a symmetry point group G�O(3), f is invariant under the operations of
G if, for any g2O(3) and h2G [18]

f ðgÞ ¼ f ðghÞ ¼ f ðhgÞ 8g 2 Oð3Þ; 8h 2 G: ð15Þ

To handle this requirement, we need only a basic result from representation theory,
namely that, for a given ‘ the Wigner D-functions form an ‘-dimensional represen-
tation of SO(3) (see e.g., Chapt. 4 of [25]) and so, if g1 and g2 are any two elements of
SO(3), we have

D‘
mnðg1g2Þ ¼

X‘
k¼�‘

D‘
mkðg1ÞD‘

knðg2Þ: ð16Þ

Clearly, it is sufficient to enforce the requirements (16) only on the generators of any
symmetry group G.

First, we show that invariance under Cz
2 selects even values of both m and n, but

does not constrain ‘. In fact, the Euler angles (a, b, c) associated with this rotation
are aþ c¼ p, b¼ 0 and so, ( see Eq. (28) of [23])

D‘
mnðCqÞ ¼ eipmdmn:

By use of Eqs. (15) and (16) we conclude that f ðgÞ ¼ f ðgCz
2Þ is equivalent to

X1
‘¼0

X‘
m¼�‘

X‘
n¼�‘

a‘mnD
l
mnðgÞ

¼
X1
‘¼0

X‘
m¼�‘

X‘
n¼�‘

a‘mn

X‘
k¼�‘

Dl
mkðgÞDl

knðCqÞ

¼
X1
‘¼0

X‘
m¼�‘

X‘
n¼�‘

a‘mnD
l
mnðgÞeipn ð17Þ

Excluded-Volume Potential for Tetrahedral Molecules 19
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and equality occurs for any g2SO(3) if and only if

eipn ¼ 1;

that is, if and only if n is even. Similarly, by imposing f(g)¼ f(Cqg) we conclude that
m is even too. When g2 O(3)nSO(3), we obtain the same restrictions on b‘mn, this is
true also for the following analysis.

To discuss the restrictions imposed by C
xyz
3 , we first determine its Euler

angles. Using Eqs. (4–10) in Sect. 3–4 of [26] we readily obtain a¼ 0, b ¼ p
2, and

c ¼ p
2, and so

D‘
mnðC

xyz
3 Þ ¼ e�ipn2d‘

mn

p
2

� �
:

The reduced Wigner functions have a simpler expression when their argument is p=2
since the terms containing sin b

2 and cos b2 boil down to a constant factor 2�‘. These
functions played an important rôle in the expansion of the excluded volume on a set
of SAWFs for spheroplatelets [17] and spherocuboids [4]. They were employed in
[27] to also convert expansions on Wigner D-functions into ordinary three-
dimensional Fourier expansions. Their essential property, first noted by Wigner
and published by Edmonds in [28], is that they can transform a rotation by an angle
b about ey into a rotation by b about ez since

Rð0; b; 0Þ ¼ R � p
2
; 0; 0

� �
R 0;� p

2
; 0

� �
Rðb; 0; 0ÞRð0; p

2
; 0ÞR p

2
; 0; 0

� �
:

For future use, we record here the expression of d‘
mn

p
2

� �
:

d‘
mn

p
2

� �
¼
XtM
t¼tm

ð�1Þt2�‘ ½ð‘þmÞ!ð‘�mÞ!ð‘þ nÞ!ð‘� nÞ!�1=2

ð‘þm� tÞ!ð‘� n� tÞ!t!ðtþ n�mÞ! ; ð18Þ

where tm and tM have the same meaning as in Eq. (8). We now impose the invariance
requirement f ðgÞ ¼ f ðgCxyz

3 Þ obtaining

f ðgCxyz
3 Þ ¼

X
‘;m;n

a‘mn

X‘
k¼�‘

eD‘
mkðgÞD‘

knðC
xyz
3 Þ

¼
X
‘;m;n

a‘mn

X‘
k¼�‘

eD‘
mkðgÞe�inp2d‘

kn

p
2

� �

¼
X
‘;m;n

a‘mnD
‘
mnðgÞ ¼ f ðgÞ; ð19Þ

where
P‘

k ¼ �‘e means that only even values of k are selected, and summations on m
and n are restricted to even values. By taking the scalar product with the D-function
D‘0

m0n0
and using the orthogonality conditions (9) we arrive at

a‘mn ¼
X‘
k¼�‘

ea‘mkð�1Þ
k
2d‘

nk

p
2

� �
; ð20Þ
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where we replaced ‘0, m0 and n0 with ‘, m, and n, we reintroduced k to denote the
dummy index, and we observed that only even values of k are allowed by the presence
of the generator Cz

2. We note that Equations (20) are unaffected by m so that if a con-
dition holds on a‘mn for a givenm, it holds on all the admissible values ofm. Similarly,
by imposing the requirement f ðgÞ ¼ f ðCxyz

3 gÞ, we obtain the system of equations

a‘mn ¼
X‘
k¼�‘

ea‘knð�1Þ
m
2d‘

km

p
2

� �
: ð21Þ

Due to the symmetry properties of the reduced functions d‘
mnðp2Þ [30], we have

d‘
mn

p
2

� �
¼ ð�1Þ‘þmd‘

mn

p
2

� �

to check it, it is sufficient to multiply (18) by (�1)�(‘þm), set t0 ¼ ‘þm� t in the
summation and compare with the expression of d‘

m�nn. By recalling the general property
(see Eq. (4.19) of [21])

d‘
mnðbÞ ¼ ð�1Þm�nd‘

mnðbÞ

we conclude that in (20)

d‘
nk

p
2

� �
¼ ð�1Þ‘d‘

nk

p
2

� �

since m and k are even numbers. Thus, a‘mn ¼ a‘m�nn, when n 6¼ 0 and ‘ is even, while
a‘m�nn ¼ a‘mn if ‘ is odd: in particular, a‘m0¼ 0 in this case. Moreover, since k and �k
have the same parity, we can rewrite (20) by considering only the terms with
non-negative k and doubling the coefficients, that is

a‘mn ¼ a‘m0d
‘
n0

p
2

� �
þ 2

X‘
k¼2

ea‘mkð�1Þ
k
2d‘

nk

p
2

� �
; ð22Þ

with the stipulation that a‘m0¼ 0, if ‘ is odd. When ‘ is even we can recast (22) in the
compact form

Ma ¼ 0 ð23Þ

where the ‘
2 þ 1-dimensional vector a is such that (a)j :¼ a‘m[‘�2(j�1)] while the

‘
2 þ 1
� �

� ‘
2 þ 1
� �

matrix M is such that

Mij :¼ ð�1Þ
‘
2�ðj�1Þ½2� dð‘2�ðj�1ÞÞ;0�d‘

‘�2ði�1Þ;‘�2ðj�1Þ � dij;

where dij is the Kronecker delta. When ‘ is odd, a is a ‘�1
2 -dimensional vector such that

(a)j :¼ a‘m[‘�1�2(j�1)] and the entries of the ‘�1
2 � ‘�1

2 matrix M are now given by

Mij ¼ 2ð�1Þ
‘�1
2 �ðj�1Þd‘

‘�1�2ði�1Þ;‘�1�2ðj�1Þ
p
2

� �
� dij :
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As to Eq. (21), it is the index n that plays an ancillary rôle now, so that, if a
restriction holds on a‘mn for a given value of n, it also holds for all admissible values
of n. We still have a‘mn ¼ ð�1Þ‘a‘�mmn and by setting (a)j :¼ a‘[‘�2(j�1)]n it is possible to
give (21) the structure M0a¼ 0 where

M 0
ij :¼ ð�1Þ

‘
2�ði�1Þ½2� dð‘2�ði�1ÞÞ;0�d‘

‘�2ðj�1Þ;‘�2ði�1Þ
p
2

� �
� dij;

if ‘ is even, and

M 0
ij ¼ 2ð�1Þ

‘�1
2 �ði�1Þd‘

‘�1�2ðj�1Þ;‘�1�2ði�1Þ
p
2

� �
� dij ;

if ‘ is odd. Since d‘
mnðWÞ ¼ ð�1Þm�nd‘

nmðWÞ (p. 54 of [22]), it is possible to check that if
we multiply M by the matrix A such that (A)ij :¼ (�1)iþ1dij, the Equations AMa¼ 0

and M0a¼ 0 are equivalent. Since A¼	A�1, a vector a belongs to the kernel of M if
and only if it belongs to the kernel of M0. Hence, if certain restrictions are placed on
the values of n, the same restrictions hold for the values of m.

The solution of Equation (23) can be obtained with the help of any computer
program that performs symbolic computations. By using MAPLE

1 LinearAlgebra
package we were able to characterise the non-trivial bases of the kernel of M up
to ‘¼ 16: this bound was chosen to compare our results with those of [26]. As a
result, Eq. (23) had only trivial solutions when ‘¼ 1, 2, and 5. To normalise the
SAWFs to 1, we introduce the normalisation factor

k‘ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2‘þ 1

8p2

r
: ð24Þ

When ‘¼ 0, we clearly have the SAWF

D0
00 ¼ k0D

0
00:

In general, the building blocks to obtain SAWFs are

D‘
mn :¼

k‘
2

ffiffiffi
2

p

2

 !dm0þdn0 X
r;s2f�1;1g

D‘
rm;sn; ð25Þ

when ‘ is even, and

D‘
mn :¼

k‘
2

ffiffiffi
2

p

2

 !dm0þdn0 X
r;s2f�1;1g

ð�1Þðr�sÞ=2D‘
rm;sn ð26Þ

when ‘ is odd. For instance, when ‘¼ 3 the kernel of M is spanned by

a ¼ a3m2ð1Þ
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and so, since ‘ is odd, only the combination

a3m2ðD3
m2 �D3

m2
Þ

enters the expansion. By repeating the analysis for m we conclude that m¼ 0 is ruled
out from the expansion and that a32n ¼ �a3�22n so that the only admissible SAWF is

D3
22 ¼

k3
2
½D3

22 �D3
22
�D3

22
þD3

22
�

as given by (26). We point out that, the choice of a different frame for the refer-
ence molecule M0 would end up in a different set of SAWFs (for a different
choice, see [10]).

When ‘¼ 4, the kernel of M is spanned by

a ¼ a4m0

ffiffiffiffi
5
14

q
0
1

0
B@

1
CA

so that the following combination is allowed

a4m0½D4
m0 þ

ffiffiffiffiffi
5

14

r
ðD4

m4 þD4
m�44Þ�;

since now ‘ is even and so a4m4¼ a4m4̄. The parallel analysis on m rules out m¼	2

and imposes the restriction a440 ¼ a
440

¼
ffiffiffiffi
5
14

q
a400. Hence, a symmetric, real-valued

function f has in its expansion only a term proportional to

D4
00 þ

ffiffiffi
5

7

r
ðD4

40 þ D4
04Þ þ

5

7
D4
44:

When ‘¼ 6 the kernel of M is two-dimensional and it is spanned by

a1 ¼ a6m0

0

�
ffiffi
7
2

q
0
1

0
BB@

1
CCA and a2 ¼ a6m2

�
ffiffiffiffi
5
11

q
0
1
0

0
BBB@

1
CCCA

in particular, a1 rules out the coefficients a6m2 and a6m6, while a2 rules out coefficients
a‘m0 and a‘m4: equivalently, the pairs n¼ 2, 6 n¼ 0, 4 can never be mixed. A
similar analysis holds for m and so coefficients like a6mn vanish identically unless
m¼ n (mod 4). After normalisation, two terms are allowed, proportional to

D6
00 �

ffiffiffi
7

p
ðD6

04 þ D6
40Þ þ 7D6

44

h i
; and ð27aÞ

D6
22 �

ffiffiffiffiffi
5

11

r
ðD6

26 þ D6
62Þ þ

5

11
D6
66

" #
; ð27bÞ

respectively. Hence, only two integrals are to be computed at this level, namely those
expressing the coefficients a600 and a622. (Up here we would have analysed group T to
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complete the analysis for group Td, we have to add the rotary inversion S�2
4 ¼ JC2

4 to
the generators. This would yield a‘mn ¼ ð�1Þ‘þn=2 b‘mn ¼ ð�1Þb‘mn which relates to the
coefficients a‘mn to their counterparts b‘mn. We can focus on the former to represent as
a function on rotations.)

2.2. Parameterisations of a Rotation

While the parametrisation of Q, and hence of the excluded volume, in terms of n and
w is extremely useful for computations, we have just seen that Wigner D-functions
are naturally expressed in terms of the Euler angles (a, b, c). Thus, we have to express
the intrinsic representation (4) in terms of the Euler angles associated with Q. This
goal is conceptually straightforward [26], as it requires only some care in inverting
trigonometric functions. Details about our approach are reported elsewhere [30].

2.3. Gaussian Quadrature

To compute the coefficients

a‘mn :¼
Z 2p

0

da
Z 2p

0

dc
Z p

0

sin bVða; b; cÞD‘
mnða; b; cÞdb ð28Þ

in the expansion of the excluded volume on a set of SAWFs we resorted to
Gauss-Legendre integration. Since the integration domain in the (a, b, c)-space is
the full toroidal manifold [0, 2p]� [0, p]� [0, 2p], we can compute the set of nodes
and weights for a given integer N and for a normalised range [�1, 1], where the nodes
are the roots of Legendre polynomials, in one variable. By rescaling we obtain the
integration mesh Ga along a, Gb along b, and Gc along c; subsequently, we build
the three-dimensional mesh by taking Ga�Gb�Gc [31]. In particular, to compute
the terms to be added in the numerical quadrature expression, this procedure
requires the knowledge of the integrand at certain specific nodes (ai, bj, ck). For
any required set (ai, bj, ck), we compute the parameters (Wi, /j, wk) that enter in
(4). Through these value, and using the general procedure described in Sec. 2, we
compute the centres of the spheres forming the excluded region that ARVO needs
to compute the excluded volume V(Wi, /j, wk)¼V(ai, bj, ck). Finally, through
Gaussian integration we can evaluate numerically the coefficients a‘mn. By truncating
the expansion we obtain an approximation of the excluded volume V. In Table 1 we

Table 1. Table reporting the values of the coefficient for approximation
of the excluded volume function based on a truncation of its expansion.
The coefficients almn in Eq. (28) are used with the SAWFs (symmetry-
adapted Wigner rotation functions); see Eq. (29)

l m n almn

0 0 0 400
3 2 2 12.7
4 0 0 �0.549
6 0 0 �0.300
6 2 2 0.627
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report the coefficients obtained with a number of nodes per dimension N¼ 22; these
values are in fair agreement with an estimation of the coefficients obtained by
computing the excluded volume on a regular linearly spaced lattice in the angles

Figure 2. Plot of the excluded volume V against the angle of proper rotation c, normalised to
p, for a¼ 0.15p and b¼ p=3. V has been normalised to 4p=3, i.e., the volume of a sphere of
unit radius. The continuous line shows the actual profile of the excluded volume computed
through stereographic projection with ARVO [16]; the dashed line is the approximation of
V given by (29), with the coefficients a‘mn obtained using Gaussian integration, as explained
in the text (see Table 1).

Figure 3. Plot of the excluded volume V against the angle of proper rotation c, normalised to
p, for a¼ p=6 and b¼ p=4. Details as in Figure 2.
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(u, W, w) and performing a fitting procedure on oscillating functions adapted to the
tetrahedral symmetry

cosðiwÞ cosð2jWÞ cosð4kuÞ;

where i, j, k are integer numbers; the procedure has been carried out with the aid of
Mathematica 6, and for a few different angular steps.

Figure 4. Plot of the excluded volume V against the angle of proper rotation c, normalised to
p, for a¼ 0.15p and b¼ p. Details as in Figure 2.

Figure 5. Plot of the excluded volume V against the angle of proper rotation c, normalised to
p, for a¼ 0.7p and b¼ 1.4p. Details as in Figure 2.
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Figures 2–5 show some comparisons between the actual value of the excluded
volume directly computed by the aid of ARVO and and its approximation

Vaða; b; cÞ :¼ a000D
0
00 þ a322D

3
22

þ a400 D4
00 þ

ffiffiffi
5

7

r
ðD4

40 þ D4
04Þ þ

5

7
D4
44

" #

þ a600 D6
00 �

ffiffiffi
7

p
ðD6

04 þ D6
40Þ þ 7D6

44

h i

þ a622 D6
22 �

ffiffiffiffiffi
5

11

r
ðD6

26 þ D6
62Þ þ

5

11
D6
66

" #
ð29Þ

truncated at ‘¼ 6. The graphs are plotted by fixing two Euler angles and keeping c
free to vary.

The plots reveal the complex structure of the excluded volume. The truncation
based on (28) is quite accurate, at least away from points where V fails to be differ-
entiable. A more accurate study reveals that the configuration at which the tetra-
hedral molecules are parallel fails to be the absolute minimum of V, suggesting
that steric interaction could promote aggregates in which the molecules are not
aligned, as one could intuitively expect. This in turn is in accordance with the unex-
pected arrangements of zigzag molecules observed in computer simulations [32]:
though the geometry is different, the common feature is the presence of a shape
polarity that could induce counter intuitive arrangements, potentially conflicting
with other tendencies as due, for instance, to the presence of electric multipoles.
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